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In the applications of parallel manipulators, kinematic calibration is required to eliminate
the errors resulting from the manufacturing and assembly of both base and tools. In this
paper, a calibration method of base and tool transformation is developed by virtue of
optical position sensors. An error model for calibration is constructed using differential
geometry method. The pose error is obtained based on pose measurement results of
OPTOTRAK 3020, a commercial 3D position measurement system. An iterative least
squares procedure is used to identify the error parameters in the base and tool transfor-
mations. Simulation and experiment results are presented to demonstrate the effective-
ness of the method for transformation matrices calibration. © 2003 Wiley Periodicals, Inc.
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1. INTRODUCTION

A parallel manipulator is a robot where the links are
all connected both to the base and a mobile platform
through joints. Over the last three decades, parallel
manipulators have been extensively explored for
their unique characteristic of high structural stiffness
and motion accuracy.1–5 By fixing actuators to the mo-
bile platform, parallel manipulators can be used as
operating tools in medical operations.6,7 A robotic
surgery system, ‘‘NEUROBOT,’’ is being developed
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in Nanyang Technological University in a collabora-
tive project with National Neurological Institute (Sin-
gapore). This is an image-guided neuro surgery sys-
tem which consists mainly of three modules: (1) an
image-guided motion planner and controller; (2) a
parallel manipulator, and (3) an optical position
tracking system. The parallel manipulator, shown in
Figure 1, carries a tool-holder to perform bone-
remove tasks. The system will help neuro- and ENT
surgeons to reduce skull drill time (from 5–8 hours to
less than 2 hours). The cavity generated by the robot
allows access to deep seated brain areas, which are
inaccessible by other routes. The accuracy required
for such operations is 0.5 mm.
Periodicals, Inc.
m). • DOI: 10.002/rob.10081
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In applying such a system in the clinic opera-
tions, kinematic calibration of the system must be car-
ried out to improve the accuracy of motion control.
For most of the parallel manipulator systems, their
calibration tends to be conducted in two stages: first
is the manipulator self-calibration and then the base/
tool calibration. The manipulator self-calibration
deals with the kinematic parameter identification for
the coordinate from base to mobile platform.8 It can
be conducted with either external measuring devices
like theodolite9 and linear variable differential trans-
former (LVDT),10 or adding extra sensors to the
system.11

On the other hand, the base and tool calibration
concerns the errors in both base and tool (end-
effector) transformations.12–14 In general, there are at
least two factors that contribute to the errors. One fac-
tor is related to the base and tool installation. For par-
allel manipulator systems, the manipulator must be
installed in such a way that its base platform is
mounted on a support, either mobile or fixed, and a
certain tool is attached to the mobile platform. This
definitely introduces installation-associated errors
which may include the connecting parts’ manufactur-
ing tolerance, link offset, and assembly error. The
other factor is the inaccessibility of the origins of both
base and mobile platform coordinate systems. The
origins are either the geometric center or the centroid
of the platforms, which are located inside the rigid
body and cannot be measured directly. What we can
do is only to provide initial estimations for them.

In this paper, a method of base and tool calibra-
tion is developed for our medical parallel manipula-
tor system. The calibration is carried out with an op-

Figure 1. NEUROBOT, a medical parallel manipulator
developed for neuro surgeries.
tical position sensor, OPTOTRAK 3020 (product of
Northern Digital Inc., Canada). An error model for
the base and tool transformation was first con-
structed. The pose measurement technology with
OPTOTRAK 3020 was then described. Lastly, the
simulation and experiment results were presented to
demonstrate the effectiveness of the method.

2. PROBLEM FORMULATION

The parallel manipulator with an end-effector at-
tached to its mobile platform can be abstracted as a
model shown in Figure 2. In the model, a hexapod has
legs mounted on the base plate at ball joints B1 to B6 ,
arranged in pairs, B1�B6 , B2�B3 and B4�B5 . The
set of all six legs is arranged symmetrically on the
base, on a circle with a radius rb . For the six joints A1
to A6 on the mobile platform, the geometric configu-
ration is similar to that of base platform.

Two coordinate frames are set up for the parallel
manipulator. The fixed frame B�Xb ,Yb ,Zb� is located
in the center of the base platform. The mobile frame
A�Xa ,Ya ,Za� is located in the center of mobile plat-
form. In addition, we also set up two other frames for
the system. One is attached to the tool (end-effector),
called frame T . Another is the world frame W which
is a fixed reference frame. The establishment of
frames T and W will be described in Section 5.1.

The homogeneous transformation matrix relat-
ing the manipulator’s tool frame to the world frame
is

TT
W�TB

WTA
B TT

A . (1)

Figure 2. (a) Coordinate frames for medical robot calibra-
tion, and (b) the relationships among all transformations.
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In Eq. (1), TA
B is a function of six pose parameters:

TA
B �Tra(x,y,z)Rot(x,�x)Rot(y,�y)Rot(z,�z), (2)

where Tra(x,y,z) is the homogeneous matrix corre-
sponding to a translation of (x ,y ,z), Rot(x,�x) is the
matrix describing a rotation of �x about X axis and
similarly Rot(y,�y) and Rot(z,�z) for Y and Z axes, re-
spectively. By self-calibration, TA

B can be identified
with enough accuracy. For matrices TB

W and TT
A , they

are both fixed and not varied with pose parameters.
However, as stated in Section 1, we can only give es-
timations of TB

W and TT
A due to the inaccessibility of

origins of frame A and B .
In obtaining an accurate value of these two ma-

trices, an existing method is to rewrite Eq. (1) into the
form of TT

W(TT
A)(�1)�TB

WTA
B (i.e., AX=YB),14 which

can be solved through quaternion algebra. In this pa-
per, the solution of two matrices is derived by differ-
ential approach, i.e., the accurate value is obtained by
calculating the measuring error. Obviously, this
method is more straightforward and easy to under-
stand for parallel manipulators.

3. ERROR MODEL

As stated in Section 2, TA
B is regarded to be accurate

in the stage of tool and base calibration in that it has
been self-calibrated. Therefore, we can consider only
the errors of transformation of TB

W and TT
A . Let dT de-

note an error matrix which is the deviation from the
expected position related to a transformation T . For
TT

W . The following equation exists:

TT
W�dTT

W��TB
W�dTB

W�TA
B �TT

A�dTT
A�. (3)

Expanding the right side of Eq. (3) and ignoring the
second-order items, we get

dTT
W�dTB

WTA
B TT

A�TB
W�TA

B dTT
A�. (4)

According to Paul,15 an error matrix can be rewritten
as

dT�T�T , (5)

where �T is expressed as
�T�� 0 ��z �y dx

�z 0 ��x dy

��y �x 0 dz

0 0 0 0
� . (6)

In Eq. (6), dx , dy , and dz are translational errors,
while �x , �y , and �z are the rotational errors. More
details of the derivation of �T can be found in Paul’s
book15 as well as in the book by Mooring et al.16

Using Eq. (5) to rewrite Eq. (4) produces

TT
W�TT

W�TT
W��TA

B TT
A��1�TB

WTA
B TT

A��TT
A�. (7)

Let

U�TA
B TT

A . (8)

Then Eq. (7) is simplified as

�TT
W�U�1�TB

WU��TT
A . (9)

It is noted that U is in the form of

U��nu ou au ru

0 0 0 1 � , (10)

where nu , ou and au are orthogonal unit vectors,
while ru is the translation vector of U .

Based on Eq. (6), we rewrite �TT
W , �TB

W and �TT
A

as

�TT
W�� 0 ��z �y dx

�z 0 ��x dy

��y �x 0 dz

0 0 0 0
� , (11)

�TB
W�� 0 ��zb �yb dxb

�zb 0 ��xb dyb

��yb �xb 0 dzb

0 0 0 0
� , (12)

�TT
A�� 0 ��za �ya dxa

�za 0 ��xa dya

��ya �xa 0 dza

0 0 0 0
� , (13)
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where (dxa ,dya ,dza ,�xa ,�ya ,�za) and (dxb ,dyb ,dzb ,�xb ,�yb ,�zb) are the translational and rotational errors
of TT

A and TB
W , respectively.

Letting db��dxb ,dyb ,dzb�T and �b���xb ,�yb ,�zb�T, the triple product of matrices U�1�TB
WU is equal to

U�1�TB
WU�� 0 ��b•au �b•ou �b•�ru�nu��db·nu

�b•au 0 ��b•nu �b•�ru�ou��db·ou

��b•ou �b•nu 0 �b•�ru�au��db·au

0 0 0 0
� . (14)
From Eqs. (9), (11), (13) and (14), we build the follow-
ing equations:

dx��b•�ru�nu��db·nu�dxa ,

dy��b•�ru�ou��db·ou�dya ,

dz��b•�ru�au��db·au�dza ,
(15)

�x��b•nu��xa ,

�y��b•ou��ya ,

�z��b•au��za .

By using

Ru��nu ,ou ,au�T, (16)

Cu��ru�nu ,ru�ou ,ru�au�T, (17)

db��dxb ,dyb ,dzb�T, (18)

�b���xb ,�yb ,�zb�T, (19)

Eq. (15) can be expressed in matrix form as

�d
� ��� Ru Cu I3�3 O3�3

O3�3 Ru O3�3 I3�3
�� db

�b

da

�a

� , (20)

where I stands for the identity matrix and O for the
zero matrix.

The error equation (20) is further simplified as

x�Jy, (21)
where x��d,��T is a 6	1 column vector and y
��db ,�b ,da ,�a�

T is a 12	1 column vector. With this
equation, the base and tool calibration can be con-
ducted. Given a sequence of pose measurements
x(k), k�1,...,n (n
3), with respect to the linear map-
ping matrix J(k), the differential displacement y at
the base and the tool end can be identified by least-
square method.

4. POSE ERROR CALCULATION

The pose error x in Eq. (21) is equal to the difference
between the measured and calculated value of end-
effector pose,

x�pm�pc . (22)

In the task space of parallel manipulator, tool
pose is described by a six-dimensional vector which
consists of its Cartesian coordinates of the origin of
tool frame and three consecutive rotations about X , Y
and Z axes of the reference frame:

p��x ,y ,z ,�x ,�y ,�z�
T. (23)

For convenience, the pose is divided into two
parts: tool position r��x ,y ,z�T and orientation �
���x ,�y ,�z�

T.
The coordinates transformation from frame T to

the world frame is

TT
W��Q r

0 1� , (24)

where

Q��n,o,a� . (25)
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Here, n, o and a are unit vectors pointing to the di-
rection of the tool-related frame axes, Xt , Yt and Zt ,
respectively, when viewed in the world frame.

In the meantime, the rotation matrix according to
the three rotations is

Q�Rx��x�Ry��y�Rz��z�, (26)

where

Rx��x��� 1 0 0

0 c�y �s�y

0 s�y c�y

� ,
Ry��y��� c�y 0 s�y

0 1 0

�s�y 0 c�y

� , (27)

Rz��z��� c�z �s�z 0

s�z c�z 0

0 0 1
� .

Here s and c stand for trigonometric functions sin and
cosine, respectively.

The rotation matrix Q finally is
� c�yc�z �c�ys�z s�y

s�xs�yc�z�c�xs�z �s�xs�ys�z�c�xc�z �s�xc�y

�c�xs�yc�z�s�xs�z c�xs�ys�z�s�xc�z c�xc�y

� . (28)
From Eqs. (25), (27) and (28), all three rotation
angles are obtained as

�x�atan2��ay ,az�,

�y�atan2�ax ,�ays�x�azc�x�, (29)

�z�atan2�nyc�x�nzs�x ,oyc�x�ozs�x�,

where atan2 is a two-argument arctangent function
that yields one unique angle solution. With Eq. (29),
we can express the end-effector pose by

p��r,��T�f�Q,r�. (30)

Accordingly, the measured pose and calculated pose
are

pm�f�Qm ,rm�, (31)

pc�f�Qc ,rc�. (32)

The nominal rotation Qc and translation rc are
calculated from all transformation matrices. For the
actual rotation and translation, they cannot be ob-
tained directly with the available measurement in-
struments. Kinematic calculation is required for such
a pose measurement.

5. POSE MEASUREMENT

5.1. Measurement by OPTOTRAK 3020

In this work, the pose measurement is done with
OPTOTRACK 3020, a commercial 3D motion and po-
sition measurement system of NDI Corp. It consists
of infra-red light-emitting diode markers (IREDs) and
lateral-effect photodiode cameras.17 The cameras
track the positions of the IRED markers placed on a
rigid body to determine the object’s position and ori-
entation in its measuring frame. The measurement
system has an accuracy to 0.1 mm and resolution to
0.01 mm. By simultaneously tracking more than 256
markers, the system can detect displacements in 6
DOFs in complex applications. So far, such a system
has been used for pose measurement18 and serial ma-
nipulator’s calibration.19

In measuring the tool pose in our parallel ma-
nipulator system, the first thing to do is to set up a
local frame for each object to be measured. We used
two group of IRED markers attached to the base and
drill holder separately, as shown in Figure 3, to de-
termine the world frame and tool frame. For each
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group of three IRED markers, their centroid and a
vector normal to the plane passing through them are
calculated. The origin of a local frame (tool or world)
is located at the centroid, while Z axis is parallel to
the normal vector and points upwards. Of the three
markers of tool frame, two are intentionally aligned
to the desired direction, which is the moving direc-
tion of the drilling tool in our work, to determine the
X axis.

The readings from OPTOTRAK are the 3D posi-
tion information of all IRED markers in the measur-
ing frame. We used this information to calculate the
position rm��x ,y ,z�T of the origin of the tool frame
and further to work out its orientation �m
���x ,�y ,�z�

T.

5.2. Pose Calculation

Let nt , ot and at be unit vectors pointing to the di-
rection of the tool-related coordinate axes, Xt , Yt and
Zt , respectively, with respect to frame M . The coor-
dinates transformation from frame T to the measur-
ing frame is

TT
M��Qt rt

0 1 � , (33)

where

Qt��nt ,ot ,at� (34)

and

Figure 3. Measurement setup for medical parallel ma-
nipulator calibration. Round-shaped objects are IRED
markers.
rt��xt ,yt ,zt�
T. (35)

Similarly, the transformation from frame W to the
measuring frame is

TW
M��Qw rw

0 1 � . (36)

The transformation from frame W to T is ob-
tained as

TT
W��TW

M��1TT
M . (37)

From Eq. (36), we get

�TW
M��1��Qw

T �Qw
Trw

0 1 � . (38)

Finally, we get

TT
W��Qw

TQt Qw
T�rt�rw�

0 1 � . (39)

The rotation and translation are

rm�Qw
T�rt�rw�, (40)

Qm�Qw
TQt . (41)

With Eq. (31), the measured pose pm is obtained.

6. IMPLEMENTATION

The calibration is implemented as an iterative course.
First, least squares method is used to solve the linear
equations of Eq. (21). The solutions, standing for the
errors in the tool and base, are used to modify the es-
timate of tool and base transformations. The modified
matrices are reused to calculate pose error. This
course is conducted iteratively until the pose error is
small enough to meet a termination condition. In
evaluating pose error, two parameters are used:
RMSPE and RMSOE, which are the root mean square
position and orientation errors defined as



Bai and Teo: Calibration and Measurement of a Medical Parallel Manipulator • 207
RMSPE��1
n � �d�k ��2,

(42)

RMSOE��1
n � ���k ��2.

In detail, the calibration procedure is described
below.

Step 1: Let the manipulator move to n different
poses. For each pose p(k), obtain the actual tool pose
pm by Eqs. (31), (40) and (41).

Step 2: Calculate the nominal tool pose pc in the
world frame according to Eqs. (1), (2) and (32).

Step 3: Calculate the difference between the ac-
tual value and the nominal results:

x�k ��pm�k ��pc�k �, k�1,...,n . (43)

Step 4: Solve Eq. (21) by least-square method to
get the base and tool errors.

Step 5: Use the base and tool errors to update
transformation matrices by

TB
W←TB

W�I��TB
W�, (44)

TT
A←TT

A�I��TT
A�. (45)

Table I. Preset values of errors (m or rad).

dx dy dz �x �y �z

TB
W 0.008 0.001 �0.004 0.02 0.01 0.005

TT
W 0.007 0.002 �0.006 0.03 0.04 0.001

Table II. Manipulator poses of simulations (m or rad).

No. x y z �x �y �z

1 0.005 0.0 0.0 0.0 0.0 0.0

2 0.005 0.0 0.0 0.0872 0.0 0.0

3 0.005 0.005 0.0 0.0872 0.0 0.0

4 0.005 0.005 0.0 0.0872 0.0523 0.0

5 0.005 0.005 0.003 0.0872 0.0523 0.0

6 0.005 0.005 0.003 0.0872 0.0523 0.0349
The updated matrices should be made unit magni-
tude.

Step 6: Check the termination condition. If pose
error is small enough, then stop. Otherwise, go to
Step 2.

7. SIMULATIONS AND EXPERIMENTS

The calibration algorithm was first tested by simula-
tions. A set of preset pose errors, listed in Table I, was
added through Eqs. (1), (44) and (45) to both base and
tool transformations, which are thought to be identity
matrices before calibration. In using the error model,
the pose obtained from transformation with error in-
side is regarded as measured value, while the pose
obtained from transformation without error is the
nominal value. In simulations, transformations TA

B

were generated with Eq. (2) according to variables
given in Table II.

The simulation results are presented in Figure 4
and Tables III and IV. As an iterative process, pose
errors of each iteration in the simulation are depicted
in Figure 4. It is seen that the pose error reduces ex-
ponentially when the number of iteration increases.
The transformation can quickly converge to a stable
value with our developed error model. In fact, the
simulation can obtain very good results (RMSPE
�1.0�10�5 m and RMSOE�5.0�10�5 rad) after five
iterations, as listed in Table III.

Table III. Pose errors of simulation (m or rad).

No.

1 2 3 4 5

RMSPE 0.020080 0.001110 0.000863 0.000115 0.000018

RMSOE 0.071003 0.002122 0.000126 0.000001 0.000000

Figure 4. Pose error versus number of iteration in simu-
lation.
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The tool calibration result in simulation is listed
in Table IV. It is directly seen that the position errors
are fully identified. A calculation based on the rota-
tion matrix also found that the orientation errors are
identified too.

After verification by simulations, the calibration
method was applied to our parallel manipulator sys-
tem to calibrate the tool and base transformations.
Considering the existence of noise in the measure-
ments, we measured a total of 60 poses in order to
eliminate the noise influence. Based on the simulation
results, we set the iteration number to 20, which guar-
antees a convergence value for each matrix. The base
and tool calibration results are shown in Table V. The
position and orientation errors are reduced to 0.000 07
m (RMSPE) and 0.000 58 rad (RMSOE), respectively.

To understand the effect of the number of mea-
sured poses on the accuracy, calibrations were con-
ducted for different groups containing measured
poses varied from 5 to 60. For each group, the cali-

Table IV. Simulated calibration results.

TB
W = � 0.999 93 �0.004 99 0.009 99 0.007 99

0.005 19 0.999 78 �0.019 99 0.001 00

�0.009 89 0.020 04 0.999 75 �0.003 99

0 0 0 1
�

TT
A = � 0.999 19 �0.000 99 0.039 98 0.007 00

0.002 19 0.999 54 �0.029 97 0.001 99

�0.039 94 0.030 03 0.998 75 �0.006 00

0 0 0 1
�

bration results were tested against another 60 mea-
sured poses. Specifically, manipulator poses were cal-
culated for each measured pose by using
transformations based on calibrated matrices. Since
the calibrated matrices are different, the pose error
will vary with the number of measured pose. Based
the experiment results, the variation is plotted as Fig-
ure 5. It is seen that the error is less than 0.1 mm,
which is comparable to the accuracy of OPTOTRAK
3020. It is also shown that a better calibration result is
obtained with ten measured poses. Accuracy cannot
be improved further with more than ten measured
poses.

Figure 5. Accuracy versus number of measurements.
Table V. Calibration results of base and tool transformation.

Before After

TB
W �1 0 0 0.011

0 1 0 0.005

0 0 1 �0.007

0 0 0 1
� � 0.999 96 �0.005 29 0.006 09 �0.001 22

0.005 30 0.999 98 �0.001 37 �0.001 15

�0.006 09 0.001 40 0.999 98 �0.001 91

0 0 0 1
�

TT
A �1 0 0 0.008

0 1 0 0.001

0 0 1 0.020

0 0 0 1
� � 0.999 64 �0.026 28 �0.004 47 �0.000 92

0.026 26 0.999 64 �0.003 52 �0.000 67

0.004 56 0.003 41 0.999 98 0.030 49

0 0 0 1
�

Accuracya �2.61e−2, 3.20e−2] �7.08e−5, 5.83e−4]
a[RMSPE,RMSOE].
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8. DISCUSSIONS AND CONCLUSIONS

The calibration and measurement technology with an
optical position sensor, OPTOTRAK 3020, is de-
scribed. An error model was established to describe
the calibration errors of parallel manipulator with re-
spect to the base and tool transformation. Applying
this model in the identification of the two transfor-
mation matrices, the accuracy of end-effector motion
is significantly improved.

The experiment result shows that the accuracy
of calibration can reach 0.1 mm. It is noted that such
an accuracy is obtained comparable to that of
OPTOTRAK 3020. The authors believe that the error
model can be used for other parallel applications
with a higher accuracy, providing more advanced
measuring technology.

The tool frame was directly set on the tool holder
based on IRED coordinates in this work for verifying
the calibration method. When setting the frame on
the tool itself, tip-end position of the tool can be ob-
tained by pivoting program.17 This means rotating
the tool about a fixed end-tip to get a set of IRED
points which generates a sphere. By fitting best this
set of points, the center of radius of this sphere is
worked out. Finally, the tip-end vector is calculated
with this center.

In the base and tool calibration, it is assumed that
the transformation from base platform to the mobile
platform is accurate. The accuracy of self-calibration
of parallel manipulator should be higher than that of
base and tool calibration. In fact, the parallel manipu-
lator’s resolution is as high as 1 
m in its X/Y
motion.20 The error resulting from this transforma-
tion can be ignored in the context of this work when
compared with calibration accuracy of 0.1 mm.
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